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izade by Rayleigh, ~~ 1~ glie1~ an, Eckart, an American, and ~~ekhavekiJdz,
a Ituasian, aaong a number of othE~rs.

The iateria]. presented here is the first part of what ~r) .)i be
three pert treatai~nt. In this fir st part , for ~~~ ons that i4.ll be
oxplairEd , ~zc co~U~ine o~r at~

j 
~~~ to a r~ti&c~. tipeo ..z~i ~~~~~~~ £~ 4~~~~&Ii. ,G1

ct.se • re ~ inU thc~ anticipate breifl.y parts t~x and t.~ree, which
respectively generalize and apply ~~o results.

3’~~TE~~~ T OF T1~ IRW~

~‘~o ~:ish to ccr~ciaer the ~~~ ‘terln~ o~ an sKx’~J~rarj ~~v ~ :~x~cidcnt
t~o~ ~the ii og~iLar CIU-!R X~ s?parn t.1n~ t~, o ix ~di~ of di .f~~i’ent ~ropn ~~ —

tion c iistan1~s aLnd :~r~ i.i~x ;ea . ~c~ever, it r~cuI~t~ thz~t the ~~ -t
~ aieral theory can bc~ s.ade to r~~ c u.i uinpi~y on a : i eh  ii~~e i~odert yot

o~~ Thj E, !~~~~~e~~~] theory vil3. bi :keft :Lr an ~ ris~~f~xii, in order to iivotd prce e~tt: T .r .~; the e~ce r~ 1i heavj t t~a1~-r ~ t ~~~ —

quired für a rigoi’ous treathent0

GEa1~FRY OF ONE DIMENSIONAL SUR~F1CE

F~Lg. ].

Thus, we first consider the case ol’ a plans, s1r~ple harr.ionic c~~L~r(acoustio) wave, incident upon en i~~eguler one dimensional ur.t a~e
z(x)l (as in Figure 1) on which the wave potential vaninhes. i~ske the
following identifications:

1 The one dimensional surface is an ordinary one whose generators form a
parallel family (in this case, parallel to the y axis) . The incIdent
wave is parallel to these generators, and hence also the scattered v’avo.
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&t’)~)deno tos the generalL~ed speotrimi 0.! g(s) &nd the convention
on ~1 asa~u’ee that the elementary scattered wavea arc outgoing.

Collecting roou.lts, we take as our point of d~~artnre th
cquation

,
‘ L ( ? $ )1

~~~~~~~~)

— e  

J 

e ~f ~..(i ) (3)

for

ThE ROlE OP r~E~ R,~.LI?1En R?~RMO~flC A~ALY~Is ir THE Pi~OI3MI1.

CXU~ philosophy in studying Eq. (3) is as follows: ~~~~~ the
3 - generalized spectrum in wavo - rr~nther space of the acattored ucve, is

according to ~;e1nor , related to that wave by

et
~
tC_ (A) .~~~~~.

+ _L y) t I C l ~~ 
(14 )
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is the aynbo:Iic operator representing this gen~~n1ised apectr~n.
Corresponding to &ø~) there is a correlation function ~o( 

~
) posa~~s-Lag the usual P~iri.er mate

~~~~(X) (5)

~he physical neariing of this trt~nsforr~ is this: ~~~~ is pr~ xrtiona~.to the intensity of wa ves proceeling para]~al to the lix~ pith direc-
tion cosines )t , 1.1 . (le call this the directi~i ~ .) Ou.r r~csl is
the calculation oi .21. t’ ~X )  , the scattered int ensit,y apoctrizi~, in
terr~ of the statintical properties of the free surface z(x) . Ingonepal,Il gill consist of both a discrete and a contimous portion.
The thecrete portion, irhere~~L is singular , represents plane scattered
i~aVes of finite si~~litude (such as the specularly reflected wave). Pbr

such plane waves, the integral of..~4.. in the ~ imediate vicinity of itss ngu].arii~r is equal to the average square wave amplitude.

1)ETl~~ I!ThTIOrJ OF TIlE GEfl]!R1~LIZED SP1~ 1~UJM

~Je seek to represent the generalized spectrum as a power seriesin O , the r.m.s. surface height:

= ~‘-~ ‘~L (
~~) 

(6)

and obtain

_ 4 ~~~~ J 
py’ 

~-e (— ‘~t) -i- 2: & ‘ foAY~.b~~ 
•:‘ Q

~~~~~3 r~~o (7)
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I~kj. (Ii) is roLIc~ily understood a~ a a~q~enco of teri~a in ~thith thesymbolic operator

x = fe~ 
‘

~~

1

~~e 
~~~~~ 

- / )/~ [ 3 (9)

set~ repoetLed]~y~ the rv.~iber of itera tions incre~t i~~• unt (a~r - ) :  through
*~ acquence . Tht~s , inter t~Luting )(~‘ as a i,-fold ~~~~~~~~ ~~b.ialc operation, Eq. (~) , ~ ~~

- sot~~r~

f ( )  IC-,- ’ ~~~~~~

we c~n write ci~ip1y

—f ~’J )  - e (U)

:
i~quntion (U) is the natural point of departur e for ext~~aion of,tLe theory to more general si •~io~i~ . Thr mixed boundary conditions ,

~~ wit]) electrom~gnetj e or elastic trtmsversc naves, it is foux~i thatthc~ operator X ~mist be modified by inci.uding a ~ernol which iS ossen—tialay the i~ esr~e1 reflection (or tran~ij asj on ) coefficient for a planecurf~c~ . The formulae are readily adapted to three dinonsional ~u”~~cccby requirements of syy~totry, and to other typor ot~ incident naves byiburier synthesis.
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• Th~ CCRREII~TION 1~UHCTIO~i AND ~CATTI~ Et~ SP1~flRA
-• are now in a position to ~.rite down an e~~ruaaiou for ti*correlation function, which by definition is

-
~~-~) 

~ ~~~~ 
Tv )> (~~)

Here -F ‘ is the cxs~ip1~~c OORjU[ 5t.e Qf 
~ anti tho nvora;p i~ t~ ~: ~[t~:t.~over tho t~~i1~- ot aurfnc~e S~ • :o ha ve oxp]icit1~r

~~ 

~4.j’) — -
(i’~

’-F)~~ _______ (13)

( l +  x ) ( 1 - ~x ’
in which the primes indicate t~~t is to be replaced by ~ . Since
the operator in~rolves quantities to be avorarpd, it is necessary to
cost ~q. (1.3) into a form free from operators before ont riplnting
numerical work. ? powerful procedure consists in considering the
various power series representations of .~ which are derivable
on the principle of nnslyt.ic continuation. 1i~i~ ~hie way, successive
approximations involving simple iterations suitable for high speed
ccnputetions can he Constrtu~ted as approprin ~o to the particular r~rob 3.c~,at band.

~PPIJC/~TIONS F
Two applications arc of some current interest, as they np~~ar to

require a rather detailed theory. In scatter ca~z~unica tions, second
order effects arc of interest which ~i~-e rise to interactions and con-
sequent signal distortion.
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APPEI~~~fl(

The ti~rdar~onto1 oqu.ation is (Eq . 7)

~ r -~~~
\?

~~ Ic ~~~~~~~~~~~~~~ :~~~
b~~O j

( 1)

o( ~~ -~ ~ ; r ~ (~~)

From (1) we c~n write

,A 0 ( , \) —  -
~~~~~~~ c’

’
~~ /

A (,\) ~~ 
-
~ w~ [e

”

~ 

~~~~~~~
)h1J (2)

-2 w4 (e
t )~I’4~-Ps)

*
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— Uow aubctitute the l.h~s. of the ~ceor~-~. of q~ . (2) into th e r.h .t3.,
tuid get

€~~~ (~~ ) ~~~~~~~~ ~ ~~~~~~~~~ ~~~~~~~~~

‘

~~2~W\f ~~e I F I~~~€?t ! V1?S % j e ~
I.1- 

(3)

H
- 

whore 
~~

- 

~4/ ;~ fe~~~~~r j

Substitute the l.h.,s of .q. (3) into the r.h0s., and j~C~

- ~~~~~
(
~~~) + ~ w~~ ~~~~~~~~~~~

~~ ~~ 
‘
~~~~~~Y~j

- 2 e ’~~~~~~~ w~ c~~~~ ’

~ ( 5~~

• - - ~1 —;;—

2 
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I’ron £~~. (14) the roouit of repoetod subetitutions is o3aar . ~;e om~
r~~ !oxi~ ~~~ (~~) ,~~hicI~ is

4 \~~~ f (~ ~~~~~ ~~ 
e )

- vV) ~~~~~~~~ ~~ ~
\ /

5

~~~~ ~~~~~~~~~ ~ ~~ ~w f e~~~I (~)

— —-.- —- —— — .  — 
~~~~~~~~~~~~ — .1
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• It ~ .U be noticed that the cperator X consists of two ten~a, arieiiig
fron the two aldit4ve ports of H. The second of these, i.e., that
associated with -1, is olear2~ the identity cçerator (dth chm,ge ~~sign) . Hence, we c~~ ~aite

and ~~~~~~~~~~~~~~~ (7)

Y being the operator 1w ~ 3 . 1~uation (7) is sii*p37 the
operational solution to equation (1) , and as a~ch provides a oc.nploto
check on the accuracy of our results.
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